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Fo/l< 100/355753

\t lL-(7.87 46)212 +[2xo.LxL.87 4612

0.00028109
A = 4 = 1 1 0 . 6 X L 0 - 6 m

2.54192

the transmitted force - Fr = J[kX]' * lcXalz

F r = 3 S S T 5 3  x  1 1 0 . 6  y 1 g - s @  = 4 2 . 0 N

There is considerable interest in the case of light damping,

case peaks occur in the immediate neighborhood of a/an =

Equation (3) yields the approximation

xkl  1
; l  =e=* a isqual i ry factor
ho tmax - 2( @

i . ( 4 )

Equation (4) can be used as a quick

producing the plot lG(ia)l = Xk/Fo versus p|a{ffirimentally, measuring the peak amplitude

Q and writing @
-  r  A . A " g<=* \S* (s)

& } /
The points P, and P2, wlp&tt{ffiytfrOe of lG(io)l falls to Q/^12, are called half-power

points, because tfre noqdfurU"MY the resistor in an electric circuit or by the damper in a

mechanical system subjected tffarmonic force is proportional to the square of the amplitude. To

obtain the driving frequencies corresponding to P1 and P2, we use Equations (2) and (a) and write

=f i0=#

' = l t -(h)'l' *

,.ffi'*P<;1'

[r<*]' B(2 = t * r (#)' * (#)- + 4( (#)'

(# ) -  -2 ( t -2 ( ) ( * ) '  +1-  B(2=0 quadra t icEquat ion  in (a / , -n )z

( a t / a ) '  , a  ^ 7 2 \ -  -

ii,)' t7ij,: 
(1 - 2<2) + W = L - 2 <2 + 2<

Mechanical Engineering

ing factor ( of a system by

0,05, in which

small values of (
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(a r /o tn )z  =  ! -2 (2  -2<  " " " (a )  (az /a )z  =  1 " -  z<2  +z<  " " " (b )

where @1and @2dte- the excitation frequencies corresponding to P1 and P2, respectively

subtracting (b) from (a)

(?,,)'-(?,,)'=n<

n _  1  _ @ n _  0 ) n
u = - = - --  2 <  L a  a z - @ r

so that the requirement of high quality factor is equival

Example

A mass-damper-spring system has been eve a peak magnification factor Q = 5 at

the driving frequency u = t0 rad/sec.Wi to determine: (l) the damping factor, (2)

the driving frequencies correspondiir
'-power points and (3) the bandwidth of the

system.

Solution

driving frequencies ar1 and @2 aain be determined from equations (a) and (b) where arr, =

I0 rad/sec *

2 < 2  - 2 (  a n = 8.832 radf sec

= 10.86 rad/ sec

- a2 at = 2.028 rad/sec

J L - 2 ( 2 + 2 (  a n

width of the system Acl
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Rotating Un-balance

Let

M: - total system mass

m: - eccentric mass

e: - eccentricity

rrr: - angular velocity of eccentric mass

x(t): - linear displacement of the non-rotating mass (M - m)

To drive the equation of motion, it is convenient to consider two

M - m and one for m.

;

Mechanical Engineering

* e sin a.rf't
*)f,r@

d , g
€ g
a g

ffi%
g f  hv se wwhere kr(r) r'i(r)

for m on's second law

pu = ^#(x * esin arf) = m(i - ea| sin art)

(equat ion of  mot ion)  . . . . . .  : . . . . .  (1)

t cand - = Z(an
M

Where meaz sin a.rt is excitation force with amplitude meaz

Now let x(t) = X sin(alt - Q) = steady-state response @:- is phase angle between response
and excitation

Substituting (t) , *(t) and i(t) into equation (l)

M - m

^{{-*1
, l l' H  

t f "

rticgl reaction Fy and rearranging

* cx * kx : meaz sin'oi,t
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-MXaz sin(a,rf - i l  + cXrulsinQtt - Q +T) + t X sin(art - Q) = meaT sina.rf

From this equation we can graph the following force polygon 

\

n ,  @
a < -

d :  t an -1  - *
r - ( * l

\@n/

to f ind the maximum ' d wx\v a l u e  ̂ \ ^ r ) : 0

this yield

lIWs

I - A piece of machinery can be regarded as a rigid mass with two reciprocating rotating

unbalanced masses. The total mass of the system is 12 kg and each of the unbalanced

masses is equal to 0.5 kg. during normal operation, the rotation of the masses varies from

then from this polygon we can extract that

mea t2  . .M /k  3  Sv - - +  v "

l l k -M@212+lc@12 M /k

.  )  k  ,  c a  ^ -  a
s l n c e  a i = i  a n 0  

k = Z t r ,

MX $  ^^A +^h

, tr=I and T=r<#, 6f 
*#

{ %
, 

(#r) - and tane - =?** ! C#-* " 'M ' r ' - (h ) '

f f ,W
@w
Wto sketch the amplitu deratiory -ffiffiW

l e t 9 = 0  " = O " r " nan *lil"'w*,
ande: L ffi= ffi.zs

['-(#)']'.[,(h]'

#=f f i : #=1 '0e ltr'%,

h-ry1
ffi(.)n

6 *  r y - 1  f o r a n y v a l u e o f (
me
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0 to 600 rpm. Design a support system so that the maximum vibration amplitude will not

exceed l0 percent of the rotating masses' eccentricity.

The rotor of a turbine having the form of a disk is mounted

at the midspan of a uniform steel shaft as shown in Figure.

The mass of the disk is l5 kg and its diameter is 0.3 m. the

disk has a circular hole of diameter 0.03 m at a distance of

0.12 m from the geometric center. The bending stiffness of

the shaft is : 1600 N. m2. Determine the amplitude of

vibration i f  the turbine rotor rotates with the ansular #- %

velocity of 6000 rpm. Assume that the shaft bearings are

,1" o.e m "" .{

rigid.

Solution M = 15 kg EI =

r0.3r 2
V =  Var rn  -Vhok :  

\Z )  
n  *  

. . .  I
cnlcKness

of d.isk

10-4

l*^ tl.: ut

w

.,:
ar = 6000 x-= 628

60
rad/ sec

lrom amplitude ratio for ( : g

- 2 7 7

$x 4.928
0 . t 5 2 x 0 . 1 2  L - 4 . 9 2 8

or  1 .526mm

a 628

an 282 (t)' = 4ezl

MX
- =
me

(&)'
, - (#)' or

rr=o.o6eKffi
.  M  t ' W  % ,p = density = 

i 
=Jf@ifu}{+.+0 ke/ m3

X = 0.001526 m
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Harmonic Motion Of The Base

On occasions, sensitive equipment must be placed on a foundation undergoing undesirable

vibration. To protect the equipment, it is necessary to isolate it from the damaging effects of the

vibrating foundation. This can be achieved through rubber mounts acting both as springs and

dampers.

Now, let y(t): - be the base displacement and x(t)z - be the mass displa.mfu

From the Figure (3) let x(t) > y(r), so the free body diagram become ro furu Wru ru /

Applying Newton's second law

- k ( x - y ) - c ( x - j , ) = m *

After re arranging m:i * c* * kx = cy +

f*
*L.'

From homogeneous part ai = * = Z ( r n ,  T = r < *

at = ya sin(arr + ])

y-state response @:- is phase angle between response

Substituting (t) , x(t) and *(t) into equation (l)

l i  i  l h  . r : :1 :  r l  ,  ,1 : i ,

f $ -

@wg f  h

W " ' (1)

From 
@Sration we oan graph the following force polygon

y  

r r r v  r v r r v v v r r r S  r v r w w  p v r , y E i u t r  

\then from this polygon we can extract that

(cYor)2 + (kY)z = (kX - morzx)z * (cX<,r)z

- -x f f i tn (e t -  Q)+cxas in (ar r  -  O+| l+ txs in (ar r  -e )  =  t<ys ina t+

reb 
z 

.,,.?

;

x I kz+(c.u.))z k
r  { l k - m a 2 l 2 + [ c a ] 2 "  k
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Q - q - F t a n @ - t a n ( a - B )

o k
@ i  = ;

*= 2(rn and

and

c @  n -  0 )

T =  Z S A

xs o  - =
Y

*(z<#)'

['-(#)']'*[,<#)
tanq.-tan B

tan @ = -.4
'  1-tan atan p

t a n c - - - , " , x !
k-maz k

z(9_
tanq, = 

'( in 
i

r(s-\"
\@n,/

.;rnB --9

tanB -  2(9'  ' ( D n

: . ' .  $

slnce

{ht
%*

,8 gh?
-fqr W

So

to sketch the amplitude ratio f with $ for ( = 0.4
Y @ n

tan@ -

l e t 9 = 0
an

a n d 9 =  1
Q)n

when 9 = rlT
@n

to find the maximum value

t,,',.

,ji:'; 
'' "

, l  . "  4
;.9' '
i
I  rq* ,  1 l

.,.\ :.
.T
* € z

;rrri

a_ __r oo
Q)n

= f,lrr^,=o."r"u: L'6g4

to the left of il =
0)n

X - o for any value of (

2

^ W  = Q
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Example

The point of suspension of a simple pendulum is given by a harmonic motion

x(t) = Xo sin rrrt a long a horizontal line. Write the differential equation of

motion for a small amplitude of oscillation using the coordinates shown.

Determine the solution for X/Xo, and show that when 
:;=rl7 the node is

found at the midpoint of l. Show that in general the distance h from the mass

to node is given by the relation n = , (*)' where ,, = 
# 

'& io

Solution & -ffi*ffi &/ro"
r.=mi %*irrf,- ? ' s i n 9 = m i  Y  i  i

Forsmallangler=ms 
4ffi, i \-mse = mi . . . . . . . . . (a) # , ry i  te t

b u t  s i n o - ' , " '  N w  
!  |'  w ;  i  '

then equation (a) becomes to 74 W I

i  + l x  = l * o

t;, " =J?  J

o t i o n  . . . . . . . . . ( b )

x(t) = Xsincrrt : :+ i(t) = -azxsinart

= -u2X sinalt + al,X sinalt = ulXosina;t

" " " . . . ( c )

X = - X o then the node at midpoint

wnere ," = 
J7 Je &

now, let xs(t) = Y, 
&sinh.rt 

ry,
substituting into equation (b)

v -  x s
1 l - . ' . . ' . _

rP-\"
\ @ n ' I

X
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In generalthe distance h is

L _ r - h  :  L _  h
X Xs Xo I-h

From equation (c)

n ( '

h = l

Example

The 45-kg piston is supported by a spring of modulus

The steady-state amplitude is X

now, a)??

dashpot of damping coefficient c = '1.2s0 
N. s/m acts in pgrallel witfi the

spring. A fluctuating pressure p(t)= 4000 sin30t inffiuuts on the
piston, whose, whose area is 50 x 10-3 -'. D.t#n*k"" steadv-srarepiston, whose, whose area is 50 x 10-3 -r. o.tffiqW" steady-state
displacement as a function of time #W
So lu t i on  eWl & q

W
x \ f l

-  (#) ' )  = t -h

(?)'

Mechanical Engineering

rad

" " "  " ' ( a )

.9  rad/sec and (  =  
*= #,= #= 0.498

*[r<#)'
r;

=  / : =
\ m

Fs = pA= 4000 x 50 x 10-3 -  200 N
@ . .

lgrven)

X = 0 . 0 0 5 2 8 m = 5 . 2 B m m

Q = tan-7
2 ( 9' a)n

'-(#)'
x( t )  =  5.28 s in(30t  -  L .716)

2x0.498"  30
= tan-1 

- " ""'" " W = .1,.2.1,6

'-(#)"

ec

the transmitted force - Fr = JlkXPlEXry
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F r = k X

Fr = 35 x 103 x 0.00528 = 270.g4 N

HW

An electric motor is mounted on a steel table. The deflection of the table under the wffithe
motor is observed to be 4 mm. the mass of the motor added to the effective ngofu{tffis s0
kg. The rotating parts of the motor have a mass of l0 kg and have un .".g.r,&i116 '  

" r !  rv lq r r r r6  Pa l t r  u r  r r r t r  l l l u l .u l ' I lavg  a  mass  o I  lU  Kg and havg an  ecKt r '%$I  12  mm.

During free vibration, it is observed that the displacement of 40 ffi tfuffigffi 2 mm in l
second. Find the amplitude of motion if the operating speed of tnffi, rffi-. Assume the
damping to be viscous. 

Y
HW

Determine the amplitude of vertical vibration of the *ffi"ted trailer as it rravels at a
velocity of 25 km/hr over the corduroy road whorurfu#nay be expressed be a sine or cosine
term. The mass of the trailer is 500 kg and r%"Weels alone may be negligible. During the
loading 75 kg added to the load caused t!t"@i6-rug 3 mm on its springs. Assume that the
wheels are in contact with the and ( = 0.5. Also find the speed of the trailer

1.2m
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Vibration Measuring Instruments

Vibration measuring instruments used to indicate an output or response (displacement, velocity,
acceleration) of machine.

Let

',,1 H L-'--J ll &;"ffiw
y(t) :-motion of machine = motion 

"r;;;;;;J 

; 
- 

- /k'

x(t) :-vertical displacement orsuspen.,ffi;$:rsn'iffin c(i. _ i
z(t) t motion of mass m relativeto machine

l f  x > y

applying Newton's second law

- k ( x - y ) - c ( x - i )

after re arranging -%erffiiYr - j,) =0 . ... (1)
s i n c e z ( t ) = x ( t ) _ , & - Y c , l = * ( t ) _ i Q ) a n d 2 ( t ) = i ( t ) _ ) , ( t )

Wr'

if y(t) = Y gts at
N Sttren*ffifu

'fu'ffi"i-r'
Rd

From eqiration (2)

then, Equation (1) becomes to " mi * ci * kz - -my .,,(Z)

y(t) = -Yaz cos alt

i(t) - -Za cos(rt - O *;) Ze) = -Zazcos(arr - @)

(kZ -mZaz)cos(art  -  i l  -  cZacos(r t  -  O*;)  = mya)zcosarf

c(x - j,

k(x - y)
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From this equation we can graph the following force polygon

then from this polygon we can extract that

z m a z k
:

Y ,/[k-mo;212+[cal2 " k

['-(#)']'*[z<f,)

to find the maximum value *O 
= O

this yield 
*,= # 

to the right of Il = 1

\ F)

Mechanical Engineering

@

tv
\
s /

€

"^m;w
Acceterometer WY

& &P 'Accelerometer is an instruffi,@Yrs the acceleration of vibrating body.
ffi w

if y(t) = Icosa.rt { 
ru,= 

-ya2 cos61r ...(1)

then, z(t) - Z cos(at - e) ...(Z)

Relative Motion Equation

-z(t)o*, = 
ffil-Ya2 cos(ut - Q))

v(t)
-z( t )a |= y( t )  i f

,11t-rz1za12f,z 
= 1
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the best value of ( is 0.707

Mechanical Engineering

measured

and
L{15

t.04

l.$3

l,$!

1:01

t .{x}
{}^s9
lr.9s
{i.f?

{}.96

0

g q  j l < 0 . 6
0)n

0 2 
* : : , " , .  , ,0 

u

Exampte 
{ %. 

w

Find the spring stiffness and the damping coefficient of an accel.ro-.What can be
vibrations in the range of 0 to 40Hzwith maximum error of^ffif m = 0.05 kg.
Solution *%y 

-.----c

for maximum error of 0.5% = 0.005 so 
@w 

v= 
0.995,mum error or U.jVo = U.UUs so 

*$@ffi 
= 0.995

o'ees =f f i  : )  
kW-z<')-o.o1oo7e=o.ees

0"8

for accelerometer the best value of (

r 4 - o . o 4 r 2 - o . o t o o

which gives the positive valUgof .L2235 :+ r = 0.349T85
s i n c e  a = 2 n f  = 2 n g251WS rad/sec [The maximum value of forcing frequency]

. 2 w: + ' t t  =  
f f i  

=  7 1 8 ' 5 2  r a d / s e c

- mui ;s = (0.05) x (TIB.SZ)2 = ZSBL3.S7 N /m

(r)
I  - -

(Dn

11 =

c -and

t * $ / {* 0.ff

\
f * t \ a l

r " " ).?{J

*.= t ? s

\ , \

\

#z@"( #2 x o.o5 x 71.8.s2 x 0.707 = soo ry
tury
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